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Abstract 

We study higher rank Donaldson- Thomas invariants of a Calabi-Yau 3- 
fold using Joyce-Song's wall-crossing formula. We construct quivers whose 
counting invariants coincide with the Donaldson-Thomas invariants. As a 
corollary, we prove the integrality and a certain symmetry for the higher 
rank invariants. 
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Introduction 

The aim of this paper is to study the higher rank Donaldson-Thomas (DT) 
invariants for a Calabi-Yau 3-fold X using Joyce-Song's wall-crossing formula. 

The DT invariant, introduced as a holomorphic analogue of the Casson in- 
variant in ThoOOj . is a counting invariant of stable coherent sheaves on X. It 
is conjectured in [MNOP06 that the DT theory is equivalent to the Gromov- 
Witten theory after being normalized by the zero dimensional DT invariants. It 
is shown in [BF08, LP |ILi06] that the generating function of the zero dimensional 
DT invariants is given by the MacMahon function: 
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M(-g)*« := J|(l-(-^)-W. 
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Recently, generalized DT invariants and their wall-crossing formula has been 
developed in |KSj and [JSj . The original DT invariant is given as the weighted 
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Euler characteristic of the moduli scheme ( jBehj ). which is an integer by defi- 
nition. In the generalized DT theory, we face difficulties to define an invariant 
since the moduli is not a scheme but a stack. The idea in |KS| and [JS| . which 
had appeared in |Joy06[ |Joy07a[ |Joy07b[ |Joy08| already, was to use the motivic 
Hall algebra to define an invariant. Although the invariant is a rational number 
a priori, it is expected to be an integer ( |KS[ Conjecture 6], [JSJ Conjecture 
6.13]). 

In ijl] we study the higher rank zero dimensional DT invariant Q(r,n) for 
integers r and n, which is a counting invariant of stable coherent sheaves E on 
X such that 

3 

ch(E) := (ch 3 (E),ch 2 (E),ch 1 (E),ch (E)) = (r, 0, 0, -n) e H 2t (X, Z). 

i=0 

The integer r is called the rank. Note that the original DT invariant is the rank 
one invariant. Such invariants have been studied in [KS1 §6.5] as BPS invariants 
for D0-D6 bound states. As pointed out there, we can compute them by the 
wall-crossing formula ( |KS[ Theorem 7,8], [JSj Equation (79)]) once we are given 
the data of the rank one invariants. In recent the papers [Tod] and |Stoj . the 
authors studied lower rank invariants by analyzing the wall-crossing formula 
directly. For higher rank invariants, the wall-crossing formula is complicated 
and it seems difficult to extend their arguments. The main idea in this paper 
comes from the following observation: 

the DT type invariants for one stability condition are determined 
by the initial data (the DT type invariants for the other stability 
condition) and the coefficients in the wall-crossing formula. 

Actually, we find a quiver without relations whose DT type theory has the same 
initial data and the same coefficients in the wall-crossing formula as D0-D6 state 
counting. Then, the D0-D6 invariants coincide with the DT type invariants for 
the quiver. In particular, we get the integrality for the D0-D6 invariants since 
the DT type invariants for a quiver without relations are known to be an integer 
f [JSl Theorem 7.28]). 

Here we give a brief review of the D0-D6 invariants following |Todj . First, 
we take a heart Ax of a bounded t-structure of the category of D0-D6 bound 
states f fTodl §2.1]). We denote by T x := H 6 (X,Z) © H°(X,Z) its numerical 
Grothendieck group and by (— , —)x ■ Tx X ^x — > Z the Euler pairing. There 
are two stability conditions : Tx — > C and the DT type invariants fl^ (r, n) 
((r,n) 6 Fx) arc defined for each stability condition. The invariant £l^{r,ri) 
is easy to compute. Once we are given the data of fl^(r,n), we can compute 
Q. x (r, n) by the wall-crossing formula. Note that the wall-crossing formula de- 
pends only on the data of Tx, (—,—}x and Z x , not on the category Ax- 

In £11.1.11 we define a quiver Q = Q x ,n (x = X(^Q) f° r a positive integer 
N. We denote by Tq the Grothendieck group of the category modQ of finite 
dimensional Q-modules and by (— , —)q ■ Tq x Tq — > 7L the Euler pairing. Then, 

• there is a group homomorphism 7r : Tq — > Tx such that 

(-, -> = (*(_),*(-))*, (1) 
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• the maps 

2q:=^« (2) 

give stability conditions on modQ and the DT type invariants f2g(/3) (0 S 
Tq) arc defined, 

• the invariants Qq(/3) are easy to compute and if n < N then we have 

n x (r,n)= W)» ( 3 ) 

0£tt~ x (r,n) 

• we can compute Oq(/3) by the wall-crossing formula which depends only 
on the data of Tq, (— , —)q and Zq. 

Thanks to Equation (TTJ) and (J2J, f2^ (r,n) and f2g(/?) satisfy the same wall- 
crossing formula. Substituting Equation (j3]) for the wall-crossing formula, we 
get 

n£(r,n)= ]T (4) 

0e7r- 1 (r,n) 

for n < N. Hence, the integrality of 0^(r, n) follows from the integrality of 
which is shown in [JSj Theorem 7.28]. 
Another application of Equation (U) is the following symmetry: 

Vt% (r, n) = f2 i (n — r,n). 

This is a consequence of the reflection functor in the sense of |BGP73j . In 
[Stol §1.5], the author proved the symmetry using the correspondence with 
GW invariants ([GPS]). Yukinobu Toda provided another proof, which is more 
direct. 

In §SJ we study D0-D2-D6 invariant^ for small crepant resolutions by the 
same method. 

All the integrality results in this paper follow from more general result: if 
the integrality for one generic stability condition is true, then so is the one for 
another generic stability condition ("relative integralit'ij''^). The relative inte- 
grality for Kontsevich-Soibelman's wall-crossing formula was proved by Markus 
Reineke ( |Reij ) . Martijn Kool proved the relative integrality for Joyce-Song 
invariants ( | JKj ffl 
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1 D0-D6 states 

1.1 Quivers associated to D0-D6 states 
1.1.1 

Let x be an integer and N be a positive integer. We put I = I X: n := {(j, k) | 
1 < j < Ixl, 1 < k < N} and I = I XtN := {0} U I. Let Q = Q X>N be the quiver 
whose set of vertices is I and whose set of arrows is 



if x < an d 



{ a i,k,p I (i, k) e 1,1 < p < k} 



Kfc, P I (j, k) G 1, 1 < p < k} U {bj. k | (j, k) G 1} 



if X > where cij_k. P is an arrow from the vertex to the vertex (j, k) and bj_k 
is a loop from the vertex (j, k) to itself. 

Example 1.1. The quiver for (XtN) = (2,3) and = (—2,3) is shown in Figure 
[7] and Figure respectively. 




(1,1). (2,1). (1,2). (2,2). (3,1). (3,2) 



Figure 1: The quiver Q2,: 



1.1.2 

Let modQ be the category of finite dimensional Q-modules and 
Tq := it (mod(Q)) ~ ll = Z ® ll 
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(1,1). (2,1). (1,2). (2,2). (3,1). (3,2). 
Figure 2: The quiver Q-2,3 



be the Grothcndicck group. Let so an d s j,k be the simple modules for the 
vertices and we put 

e := [s ], ej,k = [sj,k] 6 T Q . 
We denote byHcC the upper half plane, 

H := {z G C I Im(z) > 0}. 

We fix four complex numbers 0^, 6*^ G H such that 

arg6>+ > arg0+, arg6»~ < arg#~. 

Let 

be the stability conditions on modQ given by 

Z±(eo) = 0± Z±( ej , fe ) = k ■ 9t (V(j, fc) G I). 
It is easy to classify Zg-semistable modules: 

Lemma 1.2. A Q-module V is Zq-semistable if and only if Vq = or is 
supported on the vertex 0. 

1.1.3 

For (3 £ Tq, let Objg be the moduli stack of all Q-modules with dimension 
vectors p and 

M P Q {Z±) C Obf Q 

be the substack of Zg-semistable modules. 

Let (T-L(Q),*) be the Hall algebra associated to the Abelian category of Q- 
modules ( |Joy07a| jl. We define elements 

^(Z±):= [M P Q (Z±)cObj%\€H(Q) 



3 The algebra H(Q) is denoted by SF(Objg) in Joyce's paper. An element in SF(Dbjo) is 
called a stack function on ObjQ 
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and 

4( z q)--= E ^^#(^)*-"**§(^) 

^Q(ft)eR>0"'Z c3 (^) for all i. 

The important fact |Joy07b[ Theorem 8.7] is that Eq(Zq) is supported on "vir- 
tual indecomposable objects" , and we can define the weighted Euler character- 
istic 

where v is the Behrend function. We define the BPS invariant G Q by 

the following equation: 



m>l,m|/3 



m 2 . 



Since the stability conditions Zq are generic in the sense of [JSl Theorem 7.28], 
we can apply the integrality theorem: 

Theorem 1.3 ((JSl Theorem 7.28]). SIq(P) E Z. 

Lemma 1.4. 

[l, /3 = e , 

^o(yS) = < -sgn(x), = n ■ e jtk (n > 0), 
I 0, otherwise. 

Proof. The equation follows from Lemma 11.21 |JS1 Equation (90)] and Lemma 
P51 □ 

1.1.4 

For a nonnegative integer I and a sequence /3 = ...,/?/) £ (Tq) , the rational 
number 

U0;Z Ql Z+)eQ 

is given by Equation (36) in [JS]. The following is the Joyce-Song's wall-crossing 
formula ([JSj Equation (79)]): 



DT$(/3) = £ E 



Z>1 ^G(Tq) 1 connected simply-connected 

oriented graphs T with vertices 1, . . . , I, 

• — ¥ • implies i < j. 



I)' 1 U0;Z Q ,Z+) £ (-IJ^^.AOnDTo^O- (5) 
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1.2 D0-D6 state counting 

Let X be a smooth projective Calabi-Yau 3-fold over C, i.e. 

K x ~Ox, H 1 (X,O x ) = 0. 

Let Coho(X) be the category of coherent sheaves on X with O-dimensional 
supports. Wc denote by Ax the Abelian category of triples 

(Of,F,s) 

where r is a nonnegativc integer, F e Coho(X) and s: — > F. We set 
Tx '■— Z © Z and a group homomorphism 

ci: jr(^jc) 

by 

cl(Of,F,s) := (r, length^). 
The Euler pairing (— , — )x ■ ^x x — > Z is given by 

((r, n), (r', n'))x = m — r n. 



Let 



Zf: L x 



be the group homomorphisms given by 

Z|(1,O) = 0± Z|(O,1) = 0±. 

They give stability conditions on _4j( and we can define the invariants DT X (r, n) 
and n) in the same way (see |Todj for the details). 

Lemma 1.5 (see |Todl Remark 3.10]). 

fl, (r,n) = (1,0), 

^(r,n)= r = 0, n > 0, 

I 0, otherwise. 

1.3 Main theorem 

Wc define the group homomorphism 

Lq -» Tx 

by 

7r(eo):=(l,0), 7r(e,- fe ) := (0, k). 
Lemma 1.6. (1) Zq = Z% o tt. 

(2) (- -}Q = W-),7r(-))x. 

(3) If n < N, then we have 



0e7r- 1 (r,ra) 
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Proof. The first and second claims follow directly from the definitions. The 
third one is a consequence of Lemma 11.41 and Lemma 11.51 □ 

Corollary 1.7. If n < N , then we have 

DTx(r,n)= £ DT Q (/3). 

/3£7T — 1 (r.n) 

Proof. 

DT x (r,n) = ^ ttx(r/m,n/m)/m 2 

m\(r,n) 

= E E w/™ 2 

m|(r,n) 0G7T~ 1 (r/m,n/m) 
m,/3;7r(m/9) — (r,n) 

= E E n Q w/™)/™ 2 

= E dTqO ')- 

/3'G7r- 1 (r,n) 

□ 

For a nonnegative integer I and a sequence a. = (a±, . . . , a{) S (Lx)', the 
rational number 

U(a;Z x ,Z+)eQ 
is given by Equation (36) in [JSj . 

Lemma 1.8. 

U0;Zq,Z+) = U(*0);Zx,Z+). 

Proof. The claim follows directly from the definition |JS1 Equation (36)] and 
Lemma H~B1 (1). □ 

The following is the main theorem of this paper: 

Theorem 1.9. For a = (r, n) G Fx with n < N, we have 

DT+(a)= DTq ifi) ■ 
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Proof. 

n+ , x EH (79)] 



TYT+/' X Li£l U y i) \ - \ "* 

DT x (a) ^ ^ 



/>l,a£(rx) ! , connected simply-connected 

oY-l \-ai-a.. oriented graphs T with vertices 

• — > • implies i < j. 



,1-1 

-) C/(a;Z x ,Z+) £ (-l^^Ka^nDTxM 



Corollary [T~?] V V / 1 



E E (-2) u ^ z x^ + x) 



i>l,a£(rx)'. connected simply-connected 

q^-{- \-ai—a. oriented graphs T with vertices 1, . . . , Z; 

• — )■ • implies i < j. 



l-l 



j2 (-i^v.^nf e d " t q(^)) 

* j 

Lemma[TT6l(2) 

and Lcmma |l.8l ^""^ 

i>l,a(z(rx )* , connected simply-connected (Fq) 1 

a Y_| \-ai=a oriented graphs T with vertices 1, . . . , Z; „ _i , . 

• -> • implies i < j. PifcTr (a*)- 

-iV V(/3;Z QI Z+) J2 (-l) <ft ' ft> (/3„ft)n D " T Q^) 

' •— »• in T i 

EE E 

1 (a) £>i P^^Vq) 1 connected simply-connected 

o~ _i i_o _a oriented graphs T with vertices 1, . . . , /; 

1 • — • implies i < j. 



\) 1 u0 ; z Q ,z+) J2 (-i) <AA> (A.^>II D ~ T oC8*) 



in T 



Equation J5j 



E dTqO 3 )- 



□ 



Corollary 1.10. For a = (r, n) £ Tx wf/i n < N, we have 

Q+(a)= E 

Proof. Using Theorem II .91 we can show the claim in a similar way as Corollary 
ILT1 □ 

Theorem 1.11. 0^(r,n) £ Z. 

Proof. Take an integer N > n. Then the claim follows from Theorem 11.31 and 
Corollary OU1 □ 
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1.4 Symmetry 

Let V be a -semistable Q-module with dimension vector (r, n) such that 
n^O and 7r(r, n) = (r, n). We set 

» : V hk , ]\ : a^k.p : V —>V. 

Since V is Zg-semistable, fv is injective. 

Proposition 1.12. For we have 

n+(r,n) = fi£(n-r,n). 

Proof. Let Q op be the opposite quiver of Q, that is, Q op is the quiver with the 
same vertex set as Q and given by reversing all arrows in Q. Let Zq op be the 
stability conditions given from Zq by the canonical identification Lq = Fqo P . 

By taking vector space dual, we get the natural isomorphism between moduli 
stack of Zq semistable Q-modules and the one of Zq ov semistable Q op -modulcs 
with the same dimension vectors. 

By taking coker/y, we get the natural isomorphism between moduli stack 
of Zq semistable Q-modulcs with dimension vectors (r, n) and the one of Zq op 
semistable Q op -modules with dimension vectors (n — r, n) . 

Hence the claim follows. □ 

Remark 1.13. The operator taking cokcr/y is nothing but the reflection functor 
in the sense of \BGP73^ . A similar argument has appeared in \GPl §5.5/. 

Theorem 1.14. For n ^ 0, we have 

f2 (r, n) = f2 ~t (n — r,n). 
Proof. The claims follows from Corollary 11.101 and Proposition 1 1.1 21 □ 

1.5 Appendix 

1.5.1 MacMahon function via f2g(l,n) 

In this subsection, we give an explicit computation of the invariants f2g(l,n) 
for x = 1. 

First, note that the moduli stack M^ 1,x1 \Zq) has the following expression: 
M^(Z+)= [M^(Z+)/C*], 
where M^' n \Z^) is a smooth scheme of dimension 

Hence we have 

fi+(l,n) = (-l)^) X (M( 1 ^(Z+)). (6) 
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We put J := {(j, k,p) \ (j, k) G /, 1 < p < k}. For a map /: J — > Z> , we 
define a Q-module V(f) as follows: 

V(f) :=C-v , V(f) jtk := C-^ Aj)j0 

l<p<fc l<a<f(j,k,p) 



and 



aj,k, P (vo) := 

bj,k(Vj,k,p : a) ■ = 



0, f(j,k,p) = 0, 

v j.k,p,i, otherwise, 

0, a = f(j,k,p), 

Vj,k, P ,a+i, otherwise. 



Let A be the number of arrows in Q. The A-dimcnsional torus T := (C*) A 
acts on M ( - 1 -^(Z+). We can check that the T-ffxed point set is isolated and 

M^(Z+f = {V(f) | = n j>k }. (7) 

p 

Let qj.fe ((j, k) £ I) be formal variables and we set 

q": II (q^) n ^- 

Theorem 1.15. 

5>+(l,n).q n = (l-(-l)W)" 1 

n U,k)el 

Proof. The claim follows from Equation ©, © and 

□ 

Corollary 1.16. 

^0+(l,n).q"| qjt=9fc =M(-^. 

n 

Remark 1.17. TTws is compatible with Corollarv M .1 (ft and the formula for (rank 
one) degree zero DT invariants (' L BF08, LF\ \Li06]j ): 

£n+(l,n)-g B =M(-g)x. 



1.5.2 Counting invariants for the one loop quiver 

Let Q° be a quiver with a single vertex and a single loop. We want to compute 
the DT type invariants Q,Qo(n) for this quiver. First, we compute the pair 
invariants in the sense of |JSj . Let -M^'q be the moduli scheme of pairs (V, v), 
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where V is a n-dimensional Q -module and v S is an element such that 
CQ° ■ v = V. We define the pair invariant by 

NVT#:= X (Mlf Q „v) 

where v is the Behrend function on ■M.^.'qo- The moduli scheme -M^qo coin- 
cides with the Hilbert scheme Hilb" (C) of n-points on C and we have 

Hilb"(C) = Sym"(C) ~ C". 

Hence we have NDT^'i = (-1)". 

Applying [JSj Corollary 7.23], we get 

1 + £ NDTgo 1 • q n = exp(- £(-1)" • n • DT Q . (n) • <f) . 

n>0 n>0 

Hence we have the following: 
Lemma 1.18. 



DTqo(ti) = -l/n 2 , QQ°(n) 



-1, n = l, 
0, otherwise. 



2 D0-D2-D6 states for small crepant resolutions 

2.1 General statement 

The argument in Sjl]can be directly generalized as follows. 

Let A be an Abelian category on which Joyce-Song's theory (including the 
definition of the invariants and the wall-crossing formula) works. Assume that 
there exists a stability condition Z° : — > C which is generic in the sense of 
jJSl Theorem 7.28] and satisfies the following conditions: 

• (7) e Z for an y 7 e r ' 

• if x(7,7') > for 7,7' E T then argZ°(7) < argZ°(7'), and 

• for any 7 e T, let T 7 be the subset of T whose element fi G T 7 satisfies 
the following conditions: 

- nf^^o, 

— there exist an integer / > and a sequence fi\,...,fii £ T such that 

ft + £/n = 7 and n^f (/n) ^0 (i < * < 0- 

Then T 7 is a finite set. 
For 7 G r, we set 

/ 7 := {(/i,j) I M e r 7 , i<i<|of (m)]}. 

Let Q = Q 7 be the quiver with its vertex set / 7 and with 

• x(a*i A*') arrows from the vertex (fi,j) to the vertex (//, j') if x(a*j m') > 0j 
and 
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• a loop from the vertex to itself if (/x) < 0. 

We call Q 7 as the BPS quiver of type 7 for A. Let it : Tq^ —> T_a be the group 
homomorphism given by 

and let Z^ : T_a — > C be a generic stability parameter. We put Zq := o n. 
Theorem 2.1. 

A£tt- 1 (7) 

/n particular, £l^{"f) G Z. 

2.2 BPS quiver for the conifold 
2.2.1 

Let Q = Qconifoid be the quiver in Figure[3]and u be the following superpotential: 

lj = aibia- 2 b 2 - a\b 2 a 2 b\. 
Let mod(Q,w) be the category of finite dimensional modules over the quiver 

ai 
a 2 




Figure 3: The quiver Qconifoid 

with relations <CQ/I W where I w is the two-sided ideal generated by the deriva- 
tives of w. For a stability condition Z : Tq := Z 3 — > C on mod(Q, w) and a 
dimension vector v = (t>oo, Vq, V\) € Tq, we can define the DT type invariant 

of _» m §7]). 

Take a stability condition Z° : C such that 

arg(Z°( eoo )) < arg(Z°(e )) = arg(Z°( ei )). 

Lemma 2.2. 



1, («oo,«0iVl) = (1,0,0), 

-2, («oo, « , «i) = (0,n,n) (n. > 0), 

1, (woo,wo,wi) = (0,n,n+ 1) or (0, n + l,n) (n > 0), 

0, otherwise. 



Proof. This follows from [NN] Theorem 3.5] and [NNJ Lemma 3.7] 



□ 
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Theorem 2.3. The DT type invariant f2? (v) is an integer for any generic 
stability condition Z and for any v G Tg . 

Proof. Using Lemma l!?T2l we can check that Z° satisfies the conditions in ij2.ll 

□ 

Remark 2.4. The BPS quiver Q7 {for sufficiently large '7) is given in Figure 




(0,1, 0;1) (0,1,2;1) 




(0, 1,1; 1) (0,1,1; 2) (0, 2, 2;1) (0, 2, 2; 2) 




Figure 4: The BPS quiver for the conifold 



2.2.2 

Note that we have the special vertex (1, 0, 0; 1) G J 7 in the BPS quiver Q 1 . We 
put 1° := J 7 - {(1, 0, 0; 1)} and take a subset S C 1°. Let 




be a stability condition such that 

arg(^(e ( i, ,o;i))) > arg(Z^(e,)) 

if s G S and 

arg(Z| 7 (e (1A0;1) )) < arg(Z^(e,)) 

if s G I°\S. If V + and F s 7^ for some s € then V is not Z^- 

scmistable. 

We construct the new quiver Qs by removing the vertices in I°\S and let 
Zq s : Tq s — > C be the stability condition given by composing Zq and the 
natural injection 1: Tq s — > Tq^. For any A G Fq s , we have 

fi^ s (A) = n^WA)). 

Applying the reflection functor of the quiver Qs, we get the following symmetry: 



14 



Theorem 2.5. For any generic stability condition Z , we have 

n | lW ( U ooiV0,Vl) = n ^. w ( v ~ «oo,«0,«l). 

Remark 2.6. M^e can apply an analogue of the reflection functor directly for 
the quiver with the potential (Q,w). Using the isomorphism 

(CQ/I w ) op ~ CQ/I W , 

we get another proof of Theorem \2.5l This argument is quite similar to Toda 's 
one (JM 11.5]). 

2.2.3 

Let Q = Qconifoid be the quiver in Figure[5]and oj be the following superpotential: 

w = aibia 2 b 2 - aib 2 a 2 b\. 
Let Pq be the projective CQ / /^-module. Note that we can canonically identify 




Figure 5: Non-commutative crcpant resolution of the conifold 

the following data: 

• a finite dimensional CQ// lu -module, and 

• a triple (W, V, s) of a finite dimensional vector space W, a finite dimen- 
sional CQ/Iuj-module V and a homomorphism s: Pq <S> W — > V. 

Let X = Tot(0pi(— 1) © Opi(— 1)) be the crepant resolution of the conifold 
and 7r : X — >• P 1 be the projection. The derived functor 

RHom(O x ®7r*e> P i(l),-) 

gives an equivalence between the derived category of coherent sheaves on X and 
the derived category of C/im-modules, which maps the structure sheaf Ox to 
the projective module Pq. Wc identify these two category. 

Definition 2.7. A coherent system on X is a triple (Wj F, s) of a finite dimen- 
sional vector space W , a compactly supported coherent sheaf F and a morphism 
s: Ox ®W — > F '. A coherent system (W,F,s) is said to be stable if the following 
condition is satisfied: 

for any subspace W C W and subsheaf F' C F such that s(W ® 
Ox) C F, we have 
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• r(F) ■ dimV < r(F') ■ dimV, or 

• r(F) ■ dim V = r(F') ■ dim V and \(F) ■ dim V = x(F') ■ dim V 

where r{F) := X (F ® tt*O p i (1)) 

Remark 2.8. A coherent system (W, F, s) is stable, then we can check that s 
is surjective. 

Given a numerical data 7 G Tq, we take a sufficiently small e > and let 
Zx = Zx,~j ■ Tg — > C be a stability condition such that 

arg(Z x (0,0,1)) > arg(Zx(l,0,0))=7r/2 + e 

> arg(Z x (0 J l,l))=7r/2 > arg(Z A -(0, 1, 0)). 

Proposition 2.9. Given a stable coherent system (W, F, s) with [F] — 7, then 
F G mod(Q,u;) and the triple is Zx-stable as a <CQ / I w -module. On the other 
hand, given a Zx-stable CQ/ I w -module (W,V,s) with [V] = 7, then V G CobJf 
and the triple is stable as a coherent system. 

Proof. We can check the claim in the same way as in |NN1 Proposition 2.10] . □ 

Remark 2.10. The invariant which counts objects as in Provosition \2.9\ can be 
described as a sum of counting invariants of the quiver in Figured 



(0, 1,0; 1) 




Figure 6: 



2.3 BPS quivers for small crepant resolutions 

The argument as in 32.21 can be applied in the following examples as well. We 
can construct the BPS quivers using Lemma f2 . 1 H 12.121 and |2~T51 
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2.3.1 Toric small crepant resolutions 

Let L± be non-negative integers. We put L := L + + L_ and 

I := Z/LZ = {0,...L- 1}, I := Z h /LZ = {1/2,..., L- 1/2} 
where Zh is the set of half integers. We take a map 

a:I^{±} 

such that L± = |er _1 (±)|. 

In |Nag| §1.2], we constructed a quiver with a potential A a = (Q a ,w a ), 
which is a non-commutative crepant resolution of the affine Calabi-Yau 3-fold 

{(X,Y,Z,W) e C 4 I XY = Z L +W L ~}. 

The set of vertices of the quiver Q a is / := Z/LZ. Put 

I a := {k e I | a(k - 1/2) = a(k + 1/2)}, 

then Q a is given by adding a loop for each vertex in I a to the double quiver of 
affine Al-i type . 





Figure 7: Quiver Q a for a : 1/2,3/2,5/2,7/2^+,+,-,-. 

We identify Z 1 with the root lattice of affine Lie algebra of type Al_\ and 
denote the set of positive root vectors (resp. positive real root vectors) by A + 
(resp. A^). Let S := (1, . . . , 1) be the minimal imaginary root. For a S Z 1 , we 
put 

: = ak - 

Let Q n be the quiver given from the quiver Q a by adding a vertex oo and 
an arrow from the vertex oo to the vertex 0. Note that w G gives a potential for 
Q a as well. The following lemma is a consequence of the results in [Nag]: 

Lemma 2.11. 

f 1, r = 1, a = 0, 

I — L, r = 0, a = n • <5 (n > 0), 

• (r, a) = < , , 

Q->*>~ (-1)^), r = 0,«eAf, 

1^0, otherwise. 
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2.3.2 McKay quivers for G C SL 2 C SL 3 



Take a finite subgroup G C SL2 C SL3. Let Qq be the McKay quiver for 
G C SL3, which is given from the one for G C SL2 by adding a loop for 
each vertex. Let wq be a potential which gives the derived McKay equivalence 




Figure 8: McKay quiver of type E§ 

( |Ginj ) and be the vertex which corresponds to the trivial representation. Let 
AT denote the set of positive real root and 5 be the minimal imaginary root. 

Let Ig be the set of vertices of the quiver Qq , and Qg be the quiver given 
from the quiver Q by adding a vertex 00 and an arrow from the vertex 00 to 
the vertex Og- See |GJj for the following lemma: 

Lemma 2.12. 

r = 1, a = 0, 
r = 0, a = n ■ S (n > 0), 
r = 0, a 6 A™ 
otherwise. 

2.3.3 Obstructed (0, -2)-curve 

For an integer N > 1, let Q(o,-2);JV be the quiver given in Figure[H]and tW(o — 2)jjv 
be the potentials given as follows: 

C N+1 C N+1 

w (o,-2);N = A ° + T7 + Co (Mi + 6202) + ci(ai6i + a 2 b 2 ). 



(r, a) 



-1, 

.0, 
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The the quiver with the potential (Q(o,-2);JV; w (o,-2)-,n)i introduced in |AK06] . 
gives a non-commutative crepant resolution of the afhne Calabi-Yau 3-fold 



{(X, Y, Z, U) £ C 4 | X 2 + YZ - U 2N = 0}. 

The affine Calabi-Yau 3-fold has an isolated singularity at the origin and the 
exceptional fiber of the crepant resolution of it is a (0, —2) rational curve. 

Let Q(o,-2);N be the quiver given from the quiver Q(o,-2)-.n by adding a 
vertex oo and an arrow from the vertex oo to the vertex 0. 

We can classify stable modules in the same way as in }NN[ §3.2]. For a = 
(m, m+l) or (m+1, m) (m > 0), there exists a unique stable module, which gives 
a line bundle on the exceptional rational curve under the derived equivalence. 
Hence the category of semistable modules with dimension vector {n ■ a | n > 
0} is equivalent to the category of semistable modules with dimension vector 
{(n, 0) | n > 0}. The latter is equivalent to the category of C[w]/(u Ar )-modulcs. 
Since Spec(C[u]/ (u N )) is deformation equivalent to isolated Appoints, we have 
the following (see jCPj for arguments in the physics context): 

Lemma 2.13. 

{1, r = 1, a = (0,0), 
-2, r = 0, a = (n,n) (n > 0), 
N, r = 0, a = (n, n + 1) or (n + 1, n) (n > 0), 
0, otherwise. 

References 

[AK06] P. S. Aspinwall and S. H. Katz, Computation of superpotentials for 
D-branes, Comm. Math. Phys. 264 (2006), 227-253. 

[Bch] K. Behrend, Donaldson-Thomas invariants via microlocal geometry, 

math.AG/0507523. 

[BF08] K. Behrend and B. Fantechi, Symmetric obstruction theories and 
Hilbert schemes of points on threefolds, Alg. Number Theory 2 
(2008), no. 3, 313-345. 

[BGP73] I. N. Berstein, I. M. Gelfand, and V. A. Ponomarev, Coxeter func- 
tors and Gabriel's theorem, Russian Math. Surveys 28 (1973), 17- 
32. 

[CDP] W. Chuang, D.E. Diaconcscu, and G. Pan, Rank Two ADHM In- 
variants and Wallcrossing, arXiv:1002.0579. 

[CP] W. Chuang and G. Pan, BPS State Counting in Local Obstructed 

Curves from Quiver Theory and Seiberg Duality, arXiv:0908.0360. 

[Gin] V. Ginzburg, Calabi-yau algebras, AG/0612139. 

[GJ] A. Gholampour and Y. Jiang, Counting invariants for the ADE 

McKay quivers, arXiv:0910.5551. 



19 



[GP] M. Gross and R. Pandharipande, Quivers, curves, and the tropical 

vertex, arXiv:0909.5153. 

[GPS] M. Gross, R. Pandharipande, and B. Siebert, The tropical vertex, 
arXiv:0902.0779. 

[JK] D. Joyce and M. Kool, to appear. 

[Joy06] D. Joyce, Configurations in abelian categories I. Basic properties 
and moduli stack, Advances in Math 203 (2006), 194-255. 

[Joy07a] , Configurations in abelian categories II. Ringel-Hall alge- 
bras, Advances in Math 210 (2007), 635-706. 

[Joy07b] , Configurations in abelian categories III. Stability conditions 

and identities, Advances in Math 215 (2007), no. 1, 153-219. 

[Joy08] , Configurations in abelian categories IV. Invariants and 

changing stability conditions, Advances in Math 217 (2008), no. 1, 
125-204. 

[JS] D. Joyce and Y. Song, A theory of generalized Donaldson-Thomas 

invariants, arXiv:0810.5645. 

[KS] M. Kontsevich and Y. Soibelman, Stability structures, mo- 

tivic Donaldson-Thomas invariants and cluster transformations, 
arXiv:0811.2435. 

[Li06] J. Li, Zero dimensional Donalds on- Thomas invariants of threefolds, 

Gcom. Topol. 10 (2006), 2117-2171. 

[LP] M. Levine and R. Pandharipande, Algebraic cobordism revisited, 

math.AG/0605196. 

[MNOP06] D. Maulik, N. Nekrasov, A. Okounkov, and R. Pandharipande, 
Gromov-Witten theory and Donaldson-Thomas theory, I, Comp. 
Math. 142 (2006), 1263-1285. 

[Nag] K. Nagao, Derived categories of small 3- dimensional toric Calabi- 

Yau varieties and curve counting invariants, arXiv:0809.2994. 

[NN] K. Nagao and H. Nakajima, Counting invarinats of perverse coher- 

ent systems on 3-folds and their wall- crossings, arXiv:0809.2992. 

[Rei] M. Reineke, Cohomology of quiver moduli, functional equations, and 

integrality of donaldson-thomas type invariants, arXiv:0903.0261. 

[Sto] J. Stoppa, D0-D6 states counting and GW invariants, 

arXiv:0912.2923. 

[ThoOO] R. P. Thomas, A holomorphic Casson invariant for Calabi-Yau 3- 
folds, and bundles on K3 fibrations, J. Differential Gcom. 54 (2000), 
no. 2, 367-438. 

[Tod] Y. Toda, On a computation of rank two Donaldson- Thomas invari- 

ants, arXiv:0912.2507. 



20 



